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1 Introduction
The Gribov-Zwanziger framework [1, 2, 3] consists in restricting the domain of integration in the Feyn-
man path integral within the Gribov horizon. It has motivated extended studies of nonperturbative tools
for investigating the infrared behavior of the gluon and ghost correlation functions, see [4] for the use of
modified Schwinger-Dyson equations for QCD, [5, 6, 7, 8] for recent analytical results and [9, 10, 11] for
numerical data obtained through lattice simulations.
Zwanziger has been able to show that the restriction of the path integral within the Gribov horizon
for the gluon can be achieved by adding to the Fadeev–Popov action in the Landau gauge a local action,
depending on new fields, with well-defined interactions with the gluons and their Faddeev-Popov ghosts
in the Landau gauge [2, 3]. However, this local action violates the BRST symmetry by a soft term,
so that BRST symmetry is only enforced in the scaling limit. The yet unorthodox point of view that
the BRST symmetry can be broken in the IR region of QCD was heuristically anticipated by Fujikawa
[12]. It is not in contradiction with any given physical principle, since it is by no means necessary that
the QCD microscopic theory possesses a unitary sector for its partons, namely the quarks and gluons,
to warrantee unitarity properties among the sector of bound states that constitute its spectrum. The
only requirement is that the modified theory remains renormalizable and that the BRST symmetry is
recovered in the ultraviolet region, in order to suitably describe the asymptotic properties in terms of
almost deconfined partons, as predicted by asymptotic freedom and short distance expansion. From a
physical point of view, it is gratifying for the quark-gluon model introduced in [13] that the modification
of the usual Feynman propagators into a Gribov-type propagators eliminates from the beginning all par-
tons from the spectrum, since their modified propagators have no poles on the real axis, a property that
anticipates quite well the confinement.
What justified our previous work [13] is that the genuine geometrical approach of Zwanziger leaves
aside the quarks, which do not participate to the Gribov phenomenon, while the idea of a parton model
suggests that quarks and gluons should be treated on the same footing, and quark propagators should
have an analogous behavior as the gluon one in the infra-red domain. An idea for getting such modified
quark propagators was thus needed, which goes beyond the Gribov question. A generalization of the
work of Zwanziger was also needed [6, 7, 8] in order to achieve a different behavior for the shape of
the genuine Gribov-gluon propagator D(q2) that vanishes at q2 = 0, for accommodating recent lattice
simulations that seem to indicate that the gluon propagator goes to a non-vanishing constant at very
small q2 [9, 10, 11].
To provide such an improved, local and renormalizable, quantum field theory that gives the wanted mod-
ifications in the infra-red region, both for quarks and gluons, we proposed in [13] the following picture.
Given a theory of partons (eg quark and gluons in four dimensions, or a scalar fields in dimensions such
that the ultraviolet divergences are renormalizable or super-renormalizable), it can always be coupled to
a topological field theory made of new fields arranged as BRST trivial doublets, in such a way that the
partons are already confined at the tree level by their mixing with the unphysical fields of the topological
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field theory. We found that such a mixing can be generally allowed by a soft breaking of the BRST
symmetry. Here, confinement is meant in a very simple way. The propagators of all fields have only poles
at complex positions1. This implies that the theory has no vacuum for the partons and all observables are
made of composite operators, defined by solving the cohomology of the BRST operator. These composite
operators can be renormalized in the standard way, with expectation values related to the parameters of
the soft breaking mechanism. This idea was inspired by the algebraic characterization of the local terms
that Zwanziger introduced to complete the Faddeev–Popov action for the gluons. Part of the Zwanziger
action can be recognized as a topological action, which involves bosons and fermions that transform under
the BRST symmetry as a system of two BRST trivial doublets, and it is BRST-exact. The remaining
part of Zwanziger’s action breaks the BRST symmetry in a soft way, and yields a Gribov propagator for
the transverse gluon.
The addition of the new fields arranged as BRST-exact doublets eventually allows for the introduction
of massive parameters that can be used to modify the infrared behavior of the theory, without changing
the set of observables. The necessity of breaking the BRST symmetry can be easily understood within
this framework. If the added action were BRST-exact, nothing would be changed for the predictions of
the original parton theory. Indeed, the observables, defined as the cohomology of the BRST operator, are
the same and the effect of integrating over the new fields would only consist in multiplying the partition
function by one. So, if the new field dependence is through BRST-invariant terms (and thus BRST-exact
terms because they transform as BRST-exact doublets), there is no way to improve the infra-red behavior
of the amplitudes. One can notice that the possibility of adding such a BRST-exact terms can be related
to the formal invariance of the path integral under arbitrary changes of variables for the parton fields.
By doing such changes of variables and playing with Lagrange multipliers and determinants formula,
one can indeed recover the class of BRST-exact action that are bilinear in the new fields that have the
opposite statistics to the partons2. To obtain the wanted modification of the infra-red behavior of parton
correlators, one must go further, and consider the possibility of an explicit soft breaking of the BRST
symmetry. This, of course, can modify the parton propagators in the low energy domain, without chang-
ing their ultraviolet behavior, provided the theory is renormalizable. This will also modify the numerical
values of the observables, by giving them a dependence from the parameters of the soft breaking.
In the case of the improved quark-gluon theory, the properties of the breaking and the respective conse-
quences for the theory can be summarized as follows:
• The breaking term is soft, meaning that its dimension is smaller than the space-time dimension.
As a consequence, the breaking can be neglected in the ultraviolet region, where one recovers the
notion of exact BRST symmetry.
• The BRST operator preserves nilpotency. Moreover, the set of physical operators of the theory,
identified with the cohomology classes of the BRST operator, is left unmodified. This occurs
1More precisely, the propagators display violation of reflection positivity, a feature which invalidates the interpretation
of partons as excitations of the physical spectrum of the theory.
2In string theory, this idea has been already used by adding so-called ”topological packages” to any given 2d-string action,
which allows one to show in this way possible relationships between the different string models [14, 15, 16].
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because the new additional fields are introduced as BRST doublets. As such, they do not alter the
cohomology of the BRST operator.
• The soft breaking of the BRST symmetry is introduced in a way compatible with the renormal-
izability. More precisely, it is associated to a quadratic term in the fields obtained by demanding
that the additional fields couple linearly to the original fields of the theory, so that the resulting
propagators turn out to be modified in the infrared region. As a consequence, a given correlation
function can display a different behavior, when going from the deep ultraviolet to the infrared region
in momentum space.
• The soft BRST symmetry breaking is meant to be an explicit breaking, i.e. it is not a spontaneous
symmetry breaking, which would give rise to Goldstone massless fields, and thus to a quite different
framework, as it will be explained elsewhere.
• All massive parameters should be related to the unique scale of the theory, namely ΛQCD, by
requiring that the massive soft parameters satisfy suitably gap type equations which allow to
determine them in a self-consistent way. This is the case, for example, of the massive Gribov
parameter γ which is fixed by a gap equation [2, 3, 5, 6, 7], see Sect.4.
Following the procedure described above, in [13] a model accounting for a soft BRST symmetry breaking
giving rise to a modification of the long distance behavior of the quark propagator was established. In
fact, the model predicts 〈
ψ(k)ψ¯(−k)
〉
=
iγµkµ +A(k)
k2 +A2(k)
, (1)
instead of the standard Dirac propagator for the quarks
iγµkµ
k2 . In this equation
A(k) =
2M21M2
k2 +m2
, (2)
is a function depending on the soft breaking mass parameters M1, M2 and m. From expression (2) one
sees that the function A(k) vanishes in the deep ultraviolet region where the usual perturbative behavior
for the propagator is recovered. It is worth mentioning that expression (2) provides a good fit for the
dynamical mass generation for quarks in the infrared region in the Landau gauge, as reported by lattice
numerical simulations of the quark propagator [17, 18]. We recall that the function (2) is analogous
to the one appearing in the gluon propagator within the Gribov-Zwanziger framework [2, 3]. In fact,
as discussed in [13], the Gribov-Zwanziger action can be recovered through the introduction of a soft
breaking, related to the appearance of the Gribov parameter γ. This parameter is needed to implement
the restriction to the Gribov horizon, which turns out to be at the origin of the soft breaking of the
BRST symmetry [6, 7]. In particular, for the tree level gluon propagator, one finds
〈
Aaµ(k)A
b
ν(−k)
〉
= δab
(
δµν −
kµkν
k2
)
1
k2 +M2(k)
, (3)
with
M2(k) =
γ4
k2 + µ2
, (4)
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where the second mass parameter µ accounts for the nontrivial dynamics of the auxiliary fields needed
to localize Zwanziger’s horizon function, see [6, 7].
It is of course striking how similar are the modified gluon and quark propagators, in the sense that
the introduction of the massive parameters by the above mechanism has eliminated the infra-red prob-
lem for both type of fields. Within the context of plain perturbation theory, these parameters can be
fined-tuned, and even be used as plain infra-red regulators that are controlled by softly broken Ward
identities. However, in a confining theory like QCD, they must be related to physical observables, and
non-perturbatively computed as a function of the basic parameter of the theory, ΛQCD. The clear ad-
vantage of our approach is that the modified theory is no more submitted to the Gribov ambiguity and
the parton (quark and gluons) propagators have no poles at real values. The model excludes their ap-
pearance in the spectrum from the beginning, and its perturbative expansion can be possibly compared
to the prediction of non-perturbative approach such as the lattice formulation in the Landau gauge. The
method solves in a quite simple conceptual way the necessity of introducing massive parameters, not only
for the Gribov ambiguities but also for defining the scale of the chiral symmetry breaking.
The goal of this paper is to prove an elementary, but necessary property of this model: it has to be
multiplicatively renormalizable, to ensure that the breaking of the BRST symmetry remains soft, at any
given finite order of perturbation theory, and that no further parameters than those which modify the
infra-red behavior of propagators can appear. We will do this by employing the algebraic renormalization
[19]. Notice that such a proof can be generalized to other cases, where one may wish to introduce an
infra-red cut-off for other theories with nontrivial gauge invariance and control its effect by softly broken
Ward identities, within the context of locality. This could be of relevance for the study of non-exactly
solvable super-renormalizable theories, like 3-dimensional gauge theories, where one must control the
way the infra-red regularization is compatible with the BRST symmetry, or even for gravity, when it is
computed at a finite order of perturbation theory.
The paper is organized as follows. In Section 2 we provide a short overview of the model and of its
soft BRST symmetry breaking. In Section 3 the algebraic proof of the renormalizability is given. In
Section 4 we consider the inclusion of the Gribov-Zwanziger action and we discuss the renormalizability
of the resulting model. Finally, in Section 5 we collect our conclusions.
2 The quark model and its BRST soft breaking term
We start with the Yang-Mills action quantized in the Landau gauge,
Sinv =
∫
d4x
(
1
4
F aµνF
a
µν + ψ¯
i
α (γµ)αβD
ij
µ ψ
j
β + ib
a∂µA
a
µ + c¯
a∂µD
ab
µ c
b
)
, (5)
where
Dijµ = ∂µδ
ij − ig(T a)ijAaµ , (6)
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is the covariant derivative in the fundamental representation of the SU(N) gauge group, with generators
(T a)ij, and
Dabµ = ∂µδ
ab − gfabcAcµ , (7)
is the covariant derivative in the adjoint representation. The first set of small Latin indices {i, j, . . .} ∈
{1, .., N} will be used to denote the fundamental representation, while the second set {a, b, . . . , h} ∈
{1, .., N2 − 1} will be employed for the adjoint representation. The set of Greek indices {α, β, γ, δ} stand
for spinor indices. The remaining Greek indices will denote space-time indices.
The action (5) is invariant under the BRST transformations, namely
sAaµ = −D
ab
µ c
b ,
sψiα = −igc
a (T a)ij ψjα ,
sψ¯iα = −igψ¯
j
αc
a(T a)ji ,
sca =
1
2
gfabccbcc ,
sc¯a = iba ,
sba = 0 . (8)
Following [13], a model for the dynamical quark mass generation can be constructed by introducing
two BRST doublets of spinor fields (ξi, θi) and (ηi, λi), transforming as
sξiα = θ
i
α , sθ
i
α = 0 ,
sηiα = λ
i
α , sλ
i
α = 0 . (9)
The propagation of these fields is described by the following BRST-exact action
Sξλ = s
∫
d4x
(
−η¯iα∂
2ξiα + ξ¯
i
α∂
2ηiα +m
2(η¯iαξ
i
α − ξ¯
i
αη
i
α)
)
=
∫
d4x
(
−λ¯iα∂
2ξiα − ξ¯
i
α∂
2λiα − η¯
i
α∂
2θiα + θ¯
i
α∂
2ηiα +m
2(λ¯iαξ
i
α + ξ¯
i
αλ
i
α + η¯
i
αθ
i
α − θ¯
i
αη
i
α)
)
, (10)
where m is a mass parameter. Further, we introduce the coupling of the spinors (ξi, θi) and (ηi, λi) with
the matter field ψiα,
SM =
∫
d4x
(
M21 (ξ¯
i
αψ
i
α + ψ¯
i
αξ
i
α)−M2(λ¯
i
αψ
i
α + ψ¯
i
αλ
i
α)
)
. (11)
Evidently, the action (10) is BRST-invariant. This is not the case of SM , which will give rise to a soft
breaking of the BRST symmetry, parameterized by the two soft mass parameters M1, M2. In fact,
sSM = ∆ , (12)
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where
∆ =
∫
d4x
(
M21 (θ¯
i
αψ
i
α − ψ¯
i
αθ
i
α) + igM
2
1 c
a
(
ξ¯iα(T
a)ijψjα − ψ¯
i
α(T
a)ijξjα
)
+ igM2c
a(λ¯iα(T
a)ijψjα − ψ¯
i
α(T
a)ijλjα)
)
. (13)
Notice that ∆ is a soft breaking, i.e. it is of dimension less than four.
Performing the integration over the auxiliary spinor fields, yields a nonlocal action for ψ and ψ¯,
Sψ =
∫
d4x
(
ψ¯iα (γµ)αβ D
ij
µ ψ
j
β − 2M
2
1M2ψ¯
i
α
(
1
∂2 −m2
)
ψiα
)
. (14)
It is important to emphasize that the introduction of the auxiliary spinor fields can be seen as a tool for
localizing the nonlocal term (14) that appears in the fermionic sector, in the same way as the nonlocal
Gribov-Zwanziger horizon function is cast in local form through the introduction of a suitable set of
auxiliary BRST doublet fields [2, 3, 5, 7].
2.1 Introducing sources for controlling the soft symmetry breaking
In order to prove that the model described by the action
S = Sinv + Sξλ + SM , (15)
is multiplicatively renormalizable, we follow the procedure outlined by Zwanziger in the study of the
Gribov horizon in the Landau gauge [2, 3]. It amounts to embedding the action (15) in a larger model,
S → S0, displaying exact BRST invariance. This is achieved by treating the breaking term ∆ as a
composite operator, which is introduced into the theory through a suitable set of external sources. The
original action S is thus recovered from the extended action S0 by demanding that the sources acquire a
particular value, which we shall refer to as the physical value. The renormalizability of S follows thus by
proving the renormalizability of the extended action S0.
In order to introduce the extended invariant action S0, we make use of the following set of sources
(J,H), (J¯ , H¯), (K,G), (K¯, G¯) and (N,P ), assembled in BRST doublets3, i.e.
sJ ijαβ = H
ij
αβ , sH
ij
αβ = 0,
sJ¯ ijαβ = H¯
ij
αβ , sH¯
ij
αβ = 0,
sKijαβ = G
ij
αβ , sG
ij
αβ = 0,
sK¯ijαβ = G¯
ij
αβ , sG¯
ij
αβ = 0,
sN = P , sP = 0. (16)
3For future purpose, we recall that all quantum numbers of fields and sources are displayed in Tables 1 and 2, including
the charge Q4N that will be defined through expression (23).
7
The invariant action that accounts for the extra spinor fields and for the breaking term is thus defined as
SJK = s
∫
d4x
(
−η¯iα∂
2ξiα + ξ¯
i
α∂
2ηiα + P (η¯
i
αξ
i
α − ξ¯
i
αη
i
α) + σNP
+ J ijαβ ξ¯
i
αψ
j
β + J¯
ij
αβψ¯
j
βξ
i
α +K
ij
αβ λ¯
i
αψ
j
β + K¯
ij
αβψ¯
j
βλ
i
α
)
, (17)
which, explicitly, reads
SJK =
∫
d4x
(
−λ¯iα∂
2ξiα − ξ¯
i
α∂
2λiα − η¯
i
α∂
2θiα + θ¯
i
α∂
2ηiα + P (λ¯
i
αξ
i
α + ξ¯
i
αλ
i
α + η¯
i
αθ
i
α − θ¯
i
αη
i
α) + σP
2
+ H ijαβ ξ¯
i
αψ
j
β + H¯
ij
αβψ¯
j
βξ
i
α − J
ij
αβ
(
θ¯iαψ
j
β − ξ¯
i
αigc
a (T a)jk ψkβ
)
− J¯ ijαβ
(
igψ¯kβc
a (T a)kj ξiα − ψ¯
j
βθ
i
α
)
+ Gijαβ λ¯
i
αψ
j
β + G¯
ij
αβψ¯
j
βλ
i
α +K
ij
αβ λ¯
i
αigc
a (T a)jk ψkβ − K¯
ij
αβigψ¯
k
βc
a (T a)kj λiα
)
, (18)
whose BRST invariance is manifest. The parameter σ, in expression (18), is a dimensionless parameter
needed for renormalization purposes. For the so called physical values of the external sources, we have
J ijαβ
∣∣∣
phys
= J¯ ijαβ
∣∣∣
phys
= 0 ,
Kijαβ
∣∣∣
phys
= K¯ijαβ
∣∣∣
phys
= 0 ,
H ijαβ
∣∣∣
phys
= H¯ ijαβ
∣∣∣
phys
= M21 δ
ijδαβ ,
Gijαβ
∣∣∣
phys
= G¯ijαβ
∣∣∣
phys
= −M2δ
ijδαβ ,
P
∣∣∣
phys
= m2 ,
N
∣∣∣
phys
= 0 . (19)
The BRST-invariant extended action S0 is thus defined as
S0 = Sinv + Sξλ + SJK + Sext . (20)
It is easily checked that the starting action S, eq.(15), is recovered from the extended action S0 when
taking the physical values of the sources, eq.(19), namely
S0
∣∣∣
phys
= S +
∫
d4x σm4 . (21)
It is worth noticing that the action S0 possesses an additional U(4N) global symmetry, provided by
QijαβS0 = 0 , (22)
where
Qijαβ =
∫
d4x
(
ξiα
δ
δξjβ
− ξ¯iα
δ
δξ¯jβ
+ λjβ
δ
δλiα
− λ¯jβ
δ
δλ¯iα
+ θiα
δ
δθjβ
− θ¯iα
δ
δθ¯jβ
+ ηjβ
δ
δηiα
− η¯jβ
δ
δη¯iα
+ J jkβσ
δ
δJ ikασ
− J¯ jkβσ
δ
δJ¯ ikασ
+Kikασ
δ
δKjkβσ
− K¯ikασ
δ
δK¯jkβσ
+Gikασ
δ
δGjkβσ
− G¯ikασ
δ
δG¯jkβσ
+Hjkβσ
δ
δH ikασ
− H¯ ikασ
δ
δH¯jkβσ
)
. (23)
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fields A b c c¯ ψ ψ¯ ξ ξ¯ λ λ¯ θ θ¯ η η¯
UV dimension 1 2 0 2 3/2 3/2 1/2 1/2 3/2 3/2 1/2 1/2 3/2 3/2
Ghost number 0 0 1 −1 0 0 0 0 0 0 1 1 −1 −1
Q4N - charge 0 0 0 0 0 0 1 −1 1 −1 1 −1 1 −1
Spinor number 0 0 0 0 1 −1 0 0 0 0 0 0 0 0
Statistics 0 0 1 −1 1 −1 1 −1 1 −1 2 0 0 −2
Table 1: Quantum numbers of the fields.
sources Ω L Y Y¯ J J¯ K K¯ H H¯ G G¯ N P
UV dimension 3 4 5/2 5/2 2 2 1 1 2 2 1 1 2 2
Ghost number −1 −2 −1 −1 −1 −1 −1 −1 0 0 0 0 −1 0
Q4N - charge 0 0 0 0 1 −1 1 −1 1 −1 1 −1 0 0
Spinor number 0 0 1 −1 1 −1 1 −1 1 −1 1 −1 0 0
Statistics −1 −2 0 −2 1 −3 1 −3 2 −2 2 −2 −1 0
Table 2: Quantum numbers of the sources.
The trace of the operator Qijαβ, i.e. Q
αα
ii = Q4N , defines a new conserved charge, and thus an additional
quantum number for the fields and sources, allowing for the introduction of a multi-index I = (i, α), with
I ∈ {1, . . . , 4N}, for the fields φ = (ξ, η, λ, θ) and sources Γ = (K,J,H,G). Accordingly, we shall set
φiα = φ
I ,
Γijαβ = Γ
Ij
β . (24)
From now on, we shall make use of the multi-index notation.
3 Algebraic proof of the renormalizability
Let us face now the issue of the renormalizability of the extended action S0, a task which we shall
undertake by making use of the algebraic renormalization [19]. Let us start by establishing the set of
Ward identities fulfilled by the action S0. To that purpose, we add external sources, L
a, Ωaµ, Y
i
α and Y¯
i
α,
coupled to the non-linear BRST variations of the fields, namely
Sext = s
∫
d4x
(
ΩaµA
a
µ + L
aca + Y¯ iαψ
i
α + ψ¯
i
αY
i
α
)
=
∫
d4x
(
−ΩaµDµc
a +
1
2
gfabcLacbcc − igY¯ iαc
a (T a)ij ψjα − igψ¯
j
αc
a (T a)ji Y iα
)
, (25)
with
sΩaµ = sL
a = sY = sY¯ = 0 . (26)
The term (25) allows one to convert the BRST symmetry into the corresponding Slavnov-Taylor identity.
Thus, to prove the renormalizability of the model we shall consider the more general action
Σ = S0 + Sext . (27)
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3.1 Ward Identities
The complete action (27) fulfills a rich set of Ward Identities, namely:
• The Slavnov-Taylor identity
S(Σ) = 0 , (28)
where
S(Σ) =
∫
d4x
(
δΣ
δΩaµ
δΣ
δAaµ
+
δΣ
δY¯ iα
δΣ
δψiα
−
δΣ
δY iα
δΣ
δψ¯iα
+
δΣ
δca
δΣ
δLa
+ iba
δΣ
δc¯a
+ θ¯I
δΣ
δξ¯I
+ λ¯I
δΣ
δη¯I
+ θI
δΣ
δξI
+ λI
δΣ
δηI
+HIjα
δΣ
δJIjα
+GIjα
δΣ
δKIjα
+ H¯Ijα
δΣ
δJ¯Ijα
+ G¯Ijα
δΣ
δK¯Ijα
+ P
δΣ
δN
)
. (29)
• The gauge condition:
δΣ
δba
= i∂µA
a
µ . (30)
• The antighost equation:
δΣ
δc¯a
+ ∂µ
δΣ
δΩaµ
= 0 . (31)
• The ghost equation:
GaΣ = ∆acl , (32)
with
Ga =
∫
d4x
(
δ
δca
− ifabcc¯b
δ
δbc
− ig (T a)jk
(
JIjα
δ
δHIkα
+KIjα
δ
δGIkα
)
− ig (T a)kj
(
J¯Ijα
δ
δH¯Ikα
+ K¯Ijα
δ
δG¯Ikα
))
, (33)
and
∆acl =
∫
d4x
(
gfabcΩbµA
c
µ + gf
abcLbcc + igY¯ iα (T
a)ij ψjα − igψ¯
i
α (T
a)ij Y jα
)
. (34)
• The classical rigid invariance
RIJΣ = 0 , (35)
where
RIJ =
∫
d4x
(
λ¯I
δ
δξ¯J
− λJ
δ
δξI
+ H¯Ikα
δ
δG¯Jkα
−HJkα
δ
δGIkα
+ JJkα
δ
δKIkα
+ J¯Ikα
δ
δK¯Jkα
)
. (36)
• The equations of motion of the doublet fields:
δΣ
δη¯I
= −∂2θI + PθI ,
δΣ
δθ¯I
= ∂2ηI − PηI − JIjα ψ
j
α ,
δΣ
δλ¯I
+KIjα
δΣ
δY¯ jα
= −∂2ξI + PξI +GIjα ψ
j
α ,
δΣ
δξ¯I
+ JIjα
δΣ
δY¯ jα
= −∂2λI + PλI +HIjα ψ
j
a . (37)
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• The Ward identity for the source N :
δΣ
δN
= 0 . (38)
3.2 The invariant counterterm
In order to characterize the most general invariant counterterm which can be freely added to all orders
in perturbation theory [19], we perturb the classical action Σ by adding an integrated local polynomial
Σcount of dimension bounded by four, and with vanishing ghost number as well as Q4N charge. We
demand thus the perturbed action, (Σ + ǫΣcount), where ǫ is an expansion parameter, fulfills, to the first
order in ǫ, the same Ward identities fulfilled by the classical action Σ, ı.e. eqs.(28)-(38). This requirement
gives rise to the following constraints for the counterterm Σcount:
BΣΣ
count = 0 , (39)
δ
δba
Σcount = 0 , (40)(
δ
δc¯a
+ ∂µ
δ
δΩaµ
)
Σcount = 0 , (41)
GaΣcount = 0 , (42)
RIJΣcount = 0 , (43)
δΣcount
δN
= 0 , (44)
δΣcount
δη¯I
= 0 , (45)
δΣcount
δθ¯I
= 0 , (46)
δΣcount
δλ¯I
+KIjα
δΣcount
δY¯ jα
= 0 , (47)
δΣcount
δξ¯I
+ JIjα
δΣcount
δY¯ jα
= 0 . (48)
where the operator BΣ in eq.(39) stands for the nilpotent linearized Slavnov-Taylor operator,
BΣ =
∫
d4x
(
δΣ
δΩaµ
δ
δAaµ
+
δΣ
δAaµ
δ
δΩaµ
−
δΣ
δψ¯iα
δ
δY iα
−
δΣ
δY iα
δ
δψ¯iα
+
δΣ
δY¯ iα
δ
δψiα
+
δΣ
δψiα
δ
δY¯ iα
+
δΣ
δca
δ
δLa
+
δΣ
δLa
δ
δca
+ iba
δ
δc¯a
+ θ¯I
δ
δξ¯I
+ λ¯I
δ
δη¯I
+ θI
δ
δξI
+ λI
δ
δηI
+ HIjα
δ
δJIjα
+GIjα
δ
δKIjα
+ H¯Ijα
δ
δJ¯Ijα
+ G¯Ijα
δ
δK¯Ijα
+ P
δ
δN
)
. (49)
The first constraint, eq.(39), identifies the invariant counterterm as the solution of the cohomology of the
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operator BΣ in the space of the integrated local field polynomials of dimension four. From the general
results on the cohomology of Yang-Mills theories [19], it follows that Σcount can be written as
Σcount =
a0
4
∫
d4xF aµνF
a
µν + BΣ∆
(−1) , (50)
where ∆(−1) is a local integrated polynomial in all fields and sources, with dimension four, ghost number
minus one and vanishing Q4N charge, namely
∆(−1) =
∫
d4x
(
a1A
a
µΩ
a
µ + a2∂µc¯
aAaµ + a3c
aLa + a4c¯
aba + a5
g
2
fabccac¯bc¯c + a6λ¯
IKIjα ψ
j
α
+ a7ψ¯
j
αK¯
Ij
α λ
I + a8η¯
IGIjα ψ
j
α + a9ψ¯
j
αG¯
Ij
α η
I + a10θ¯
IKIjα Y
j
α + a11Y¯
j
α K¯
Ij
α θ
I + a12ξ¯
IGIjα Y
j
α
+ a13Y¯
j
αG¯
Ij
α ξ
I + a14ξ¯
IJIjα ψ
j
α + a15ψ¯
j
αJ¯
Ij
α ξ
I + a16ψ¯
i
αY
i
α + a17Y¯
i
αψ
i
α + a18H¯
Ij
α J
Ij
α + a19J¯
Ij
α H
Ij
α
+ a20c
ac¯aKIjα G¯
Ij
α + a21c
ac¯aN + a22A
a
µA
a
µN + a23A
a
µA
a
µG
Ij
α K¯
Ij
α + a24G
Ij
α ∂
2K¯Ijα + a25G
Ij
α G¯
Ij
α N
+ a27η¯
I∂2ξI + a28ξ¯
I∂2ηI + a29A
a
µA
a
µη¯
IξI + a30A
a
µA
a
µξ¯
IηI + a31c
ac¯aη¯IξI
+ a32c
ac¯aξ¯IηI + a33P η¯
IξI + a34P ξ¯
IηI + a35c
ac¯aK¯Ijα G
Ij
α + a36G¯
Ij
α ∂
2KIjα + a37PN
+ a38 ξ¯
IλIN + a39λ¯
IξIN + a40θ¯
IηIN + a41η¯
IθIN + a42A
a
µA
a
µG¯
Ij
α K
Ij
α
)
. (51)
The coefficients {a0, a1, a2, . . . , a42} in expressions (50) and (51) stand for arbitrary constants parameters.
After a straightforward analysis using the conditions (39)-(48) it turns out that the only non-vanishing
coefficients are: a0, a1, a2, a6, a7, a14, a15, a16, a17, a37, with the following relations between them
a2 = a1 , (52)
and
a16 = a15 = a7 ,
−a17 = a14 = a6 . (53)
Then, after redefining
a6 + a7 7→ a2 ,
a37 7→ σa3 , (54)
for the form of the final allowed counterterm one finds
Σcount =
∫
d4x
((
a0 + 4a1
4
)
F aµνF
a
µν − a1∂µc
aΩaµ − a1∂µc
a∂µc¯
a − a1igψ¯
i
α (γµ)αβ T
aijψjβA
a
µ
− a2ψ
i
αD
ij
µ (γµ)αβ ψ
j
β + a3σP
2
)
, (55)
which corresponds to the usual Yang-Mills counterterm in the Landau gauge with the addition of an
energy vacuum term, σP 2, related to the mass m.
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3.3 Stability
It remains now to discuss the stability of the model, i.e. to check that the counterterm Σcount can be
reabsorbed in the classical action Σ by means of a multiplicative redefinition of the coupling constant g,
of the parameter σ, anf of the fields and sources [19], namely
Σ(g, σ, φ,Φ) + ǫΣcount = Σ(g0, σ0, φ0,Φ0) +O(ǫ
2) , (56)
where φ stands for all fields and Φ for the sources,
φ ∈ {A,ψ, c, c¯, b, ξ, ξ¯, λ, λ¯, θ, θ¯, η, η¯} ,
Φ ∈ {Ω, L, Y, Y¯ , J, J¯ ,K, K¯,G, G¯,H, H¯,N, P} . (57)
Thus, by defining
φ0 = Z
1/2
φ φ ,
Φ0 = ZΦΦ ,
g0 = Zgg ,
σ0 = Zσσ , (58)
we obtain
Z
1/2
A = 1 +
ǫ
2
(a0 + 2a1) ,
Zg = 1− ǫ
a0
2
,
Z
1/2
ψ = Z
1/2
ψ¯
= 1 +
ǫ
2
a2 ,
Zσ = 1 + ǫa3 . (59)
Expressions (59) constitute the independent renormalization factors. All the remaining factors can be
expressed in terms of the renormalization factors appearing in eq.(59). In fact, for the Lagrange multiplier
and Faddeev-Popov ghost fields we have
Zb = Z
−1/2
A ,
Z1/2c = Z
1/2
c¯ = Z
−1/2
g Z
−1/4
A , (60)
while the renormalization of the external BRST sources are found
ZΩ = Z
−1/2
g Z
−1/4
A ,
ZL = Z
1/2
A ,
ZY¯ = ZY = Z
−1/2
g Z
1/4
A Z
−1/2
ψ . (61)
As expected from (55), the renormalization properties of the usual Yang-Mills sector are preserved. For
the doublet fields we obtain
Z
1/2
ξ = Z
1/2
ξ = Z
1/2
λ = Z
1/2
λ = 1 ,
Z
1/2
θ = Z
1/2
θ¯
= Z−1/2η = Z
−1/2
η¯ = Z
1/2
g Z
−1/4
A . (62)
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Finally, for the remaining sources we have
ZH = ZH¯ = ZG = ZG¯ = Z
−1/2
ψ ,
ZJ = ZJ¯ = ZK = ZK¯ = Z
−1/2
g Z
1/4
A Z
−1/2
ψ ,
ZP = 1 . (63)
This ends the proof of the multiplicative renormalizability of the model proposed in this article. For
completeness, let us give the expression of the bare action written in terms of the renormalized fields and
parameters:
Σ =
∫
d4x
(
1
2
ZA
(
∂µA
a
ν − ∂νA
a
µ
)
∂µA
a
ν + ZgZ
3/2
A gf
amn∂µA
a
νA
m
µ A
n
ν +
1
4
Z2gZ
2
Ag
2fabcfamnAbµA
c
νA
m
µ A
n
ν
+ Zψψ¯
i
α (γµ)αβ ∂µψ
i
β − iZgZψZ
1/2
A gψ¯
i
α (γµ)αβ A
a
µ (T
a)ij ψjβ + ib
a∂µA
a
µ + igY¯
i
αc
a (T a)ij ψjα
− igψ¯jαc
a (T a)ji Y iα − Z
−1
g Z
−1/2
A
(
∂µc¯
a +Ωaµ
)
∂µc
a +
(
∂µc¯
a +Ωaµ
)
gfabcAcµc
b +
1
2
gLafabccbcc
− λ¯I∂2ξI − ξ¯I∂2λI − η¯I∂2θI + θ¯I∂2ηI +mλ¯IξI +mξ¯IλI +mη¯IθI −mθ¯IηI
+ M21 ξ¯
i
αψ
i
α +M
2
1 ψ¯
i
αξ
i
α −M2λ¯
i
αψ
i
α −M2ψ¯
i
αλ
i
α + Zσσm
2
)
. (64)
From expression (64) one can obtain the renormalized version of (14), namely
Srenψ =
∫
d4x
(
Zψψ¯
i
α (γµ)αβ ∂µψ
i
β − iZgZψZ
1/2
A gψ¯
i
α(γµ)αβA
a
µ(T
a)ijψjβ − 2ZψM
2
1M2ψ¯
i
α
(
1
∂2 −m2
)
ψiα
)
.
(65)
4 Inclusion of the Gribov-Zwanziger term
4.1 A brief overview of the Gribov-Zwanziger action and of its soft BRST breaking
term
The Gribov-Zwanziger framework [1, 2, 3] enables one to take into account the existence of the Gribov
copies, which affect the Landau gauge4. This is done by restricting the domain of integration in the
Feynman path integral to the so called Gribov region Ω, defined as the set of fields fulfilling the Landau
gauge condition and for which the Faddeev-Popov operator, Mab = −∂µD
ab
µ (A), is strictly positive
Ω = {Aaµ , ∂µA
a
µ = 0 . M
ab > 0} , (66)
As shown in [2, 3], the implementation of the restriction to the region Ω is done by adding to the starting
action a nonlocal term, known as the horizon function, namely
SGZ = −g
2γ4
∫
d4x fabcAbµ
[
(∂ ·D)−1
]ad
fdecAeµ . (67)
4See [20] for an introduction to the subject of the Gribov copies.
14
The parameter γ has the dimension of a mass and is known as the Gribov parameter. It is not a free
parameter, being determined in a self consistent way through the gap equation
δΓ
δγ2
= 0 , (68)
where Γ stands for the effective action evaluated in the presence of the horizon function (67). Despite of
its nonlocal character, the term SGZ can be cast in local form by introducing a suitable set of auxiliary
fields (ϕabµ , ϕ¯
ab
µ , ω
ab
µ , ω¯
ab
µ ),
e−SGZ =
∫
DϕDϕ¯DωDω¯ e−S
Local
GZ , (69)
SLocalGZ =
∫
d4x
(
−ϕ¯acµ ∂νD
ab
ν ϕ
bc
µ + ω¯
ac
µ ∂νD
ab
ν ω
bc
µ + (∂ν ω¯
ac
µ )gf
abdϕbcµ D
de
ν c
e
)
+ gγ2
∫
d4x
(
fabc(ϕabµ − ϕ¯
ab
µ )A
c
µ −
4
g
(N2 − 1)γ2
)
. (70)
Here, (ϕabµ , ϕ¯
ab
µ ) form a pair of complex commuting fields, while (ω
ab
µ , ω¯
ab
µ ) form a pair of complex anti-
commuting fields. These fields are assembled in BRST doublets
sϕabµ = ω
ab
µ , sω
ab
µ = 0 ,
sω¯abµ = ϕ¯
ab
µ , sϕ¯
ab
µ = 0 , (71)
and, as pointed out in [5, 6, 7, 13], the local action (70) gives rise to a soft breaking of the BRST
symmetry, due to the presence of the Gribov parameter γ. In fact, it turns out that expression (70) can
be written as
SLocalGZ = Sϕω + gγ
2
∫
d4x
(
fabc(ϕabµ − ϕ¯
ab
µ )A
c
µ −
4
g
(N2 − 1)γ2
)
, (72)
with
Sϕω = −s
∫
d4x ω¯acµ ∂νD
ab
ν ϕ
bc
µ
=
∫
d4x
(
−ϕ¯acµ ∂νD
ab
ν ϕ
bc
µ + ω¯
ac
µ ∂νD
ab
ν ω
bc
µ + (∂ν ω¯
ac
µ )gf
abdϕbcµ D
de
ν c
e
)
, (73)
so that
sSLocalGZ = γ
2∆γ ,
∆γ =
∫
d4x
(
gfabcωabµ A
c
µ − gf
abc(ϕabµ − ϕ¯
ab
µ )D
cd
µ c
d
)
. (74)
In order to keep control of the soft BRST breaking term, we proceed as before and introduce a set of
external sources (Uabµν , U¯
ab
µν , V
ab
µν , V¯
ab
µν ) transforming as
sV abµν = U
ab
µν , sU
ab
µν = 0 ,
sU¯abµν = V¯
ab
µν , sV¯
ab
µν = 0 , (75)
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and whose physical values are defined by
V abµν
∣∣∣
phys
= −V¯ abµν
∣∣∣
phys
= −γ2δabδµν ,
Uabµν
∣∣∣
phys
= U¯abµν
∣∣∣
phys
= 0 . (76)
Thus, we can replace the breaking term in eq.(72) by the following BRST-invariant source term
Ssource = s
∫
d4x
(
U¯abµνD
ac
µ ϕ
cb
ν + V
ab
µνD
ac
µ ω¯
cb
ν − U¯
ab
µνV
ab
µν
)
=
∫
d4x
(
V¯ abµνD
ac
µ ϕ
cb
ν − U¯
ab
µν [D
ac
µ ω
cb
ν + gf
acd(Ddeµ c
e)ϕcbν ]
+ UabµνD
ac
µ ω¯
cb
ν + V
ab
µν [D
ac
µ ϕ¯
cb
ν + gf
acd(Ddeµ c
e)ω¯cbν ]− (U¯
ab
µνU
ab
µν − V¯
ab
µνV
ab
µν )
)
. (77)
Notice that the source term Ssource gives back the original BRST soft breaking term when the sources
attain their physical values (76). In fact, after a little algebra, one finds
Ssource
∣∣∣
phys
= gγ2
∫
d4x
(
fabc(ϕabµ − ϕ¯
ab
µ )A
c
µ −
4
g
(N2 − 1)γ2
)
. (78)
We are now ready to discuss the inclusion of the Gribov-Zwanziger term (70) into our starting action Σ,
eq.(27). To that purpose we consider the more general action
Σtot = Σ+ Sϕω + Sµ + Ssource , (79)
where
Sµ = µ
2 s
∫
d4x ω¯abµ ϕ
ab
µ = µ
2
∫
d4x
(
ϕ¯abµ ϕ
ab
µ − ω¯
ab
µ ω
ab
µ
)
. (80)
As discussed in [6, 7], the term Sµ takes into account the nontrivial dynamics of the auxiliary localizing
fields (ϕ¯abµ ϕ
ab
µ ). The introduction of the BRST-invariant term Sµ follows from the observation that the
dimension two condensate 〈ϕ¯abµ ϕ
ab
µ − ω¯
ab
µ ω
ab
µ 〉 has a nonzero value for non-vanishing Gribov parameter γ,
namely
〈ϕ¯abµ ϕ
ab
µ − ω¯
ab
µ ω
ab
µ 〉 =
3(N2 − 1)
64π
21/2gN1/2γ2 . (81)
The existence of this condensate is taken into account through the mass parameter µ which, in a way
similar to the Gribov parameter γ, is determined by a variational principle, see [6, 7].
4.2 Renormalizability of the quark-gluon model in the presence of the Gribov-
Zwanziger term
In order to discuss the renormalizability of expression (79), one uses the Ward identities that have already
been established in [3, 21, 5, 6, 7]. Moreover, it exhibits the following symmetry
ΘabµνΣtot = 0 , (82)
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where the operator Θabµν is given by
Θabµν =
∫
d4x
(
ϕacµ
δ
δϕbcν
− ϕ¯bcν
δ
δϕ¯acµ
+ ωacµ
δ
δωbcν
− ω¯bcν
δ
δω¯acµ
+ V acµσ
δ
δV bcνσ
− V¯ acµσ
δ
δV¯ bcνσ
+ Uacµσ
δ
δU bcνσ
− U¯acµσ
δ
δU¯ bcνσ
)
. (83)
The Ward identity (82) expresses the invariance of the action (79) under a global U(4(N2− 1)) transfor-
mation. This symmetry works exactly as the global U(4N) symmetry associated with the spinor sector
of the theory through the operator (23). These global symmetries ensure in fact that no mixing terms be-
tween the two set of BRST doublet fields, i.e. (ϕ¯abµ , ϕ
ab
µ , ω¯
ab
µ , ω
ab
µ ) and (ξ
i
α, θ
i
α, η
i
α, λ
i
α), arise in the allowed
counterterm. All Ward identities of the Gribov-Zwanziger action remain valid in the present case. This
is also the case of the identities (28)-(38). Of course, the Slavnov-Taylor identity (28) is supplemented
by suitable extra terms accounting for the BRST new doublets of the gluon sector, (71) and (75),
S(Σ)→ S(Σtot) +
∫
d4x
(
ωabµ
δΣtot
δϕabµ
+ ϕ¯abµ
δΣtot
δω¯abµ
+ Uabµν
δΣtot
δV abµν
+ V¯ abµν
δΣtot
δU¯abµν
)
. (84)
Also, the ghost equation (32) needs a little modification which, due to the presence of the Gribov-
Zwanziger term, generalizes to
Ga → Ga + gfabc
∫
d4x
(
ϕbdµ
δ
δωcdµ
+ ω¯bdµ
δ
δϕ¯cdµ
+ V dbµν
δ
δUdcµν
+ U¯dbµν
δ
δV¯ dcµν
)
, (85)
while the classical breaking term (34) remains unmodified. The previous algebraic analysis can be now
repeated for the more general action (79). The final output is that the action (79) remains renormalizable
to all orders.
5 Conclusion
In this work we have considered a model that accounts for a modification of the infrared behavior of quark
and gluon propagators in Yang-Mills theories. This is achieved through the introduction of suitable mass
parameters which give rise to a soft breaking of the BRST symmetry, as outlined in [13].
Being soft, the breaking term can be neglected in the ultraviolet region, where the standard mass-
less quark propagator is recovered as well as the notion of exact BRST invariance. Moreover, in the
infrared region the quark propagator turns out to be deeply modified, as shown by expression (2). The
physical reasoning behind the introduction of the soft BRST breaking and of the ensuing modification of
the propagator relies on quark confinement and on the breaking of the chiral symmetry, both occurring
in the non-perturbative infrared region. It is worth remarking that the quark propagator (2) is in fact in
qualitative agreement with the fitting formulas employed in the numerical studies of the quark two-point
function through lattice simulations in the Landau gauge [17, 18].
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The main result of the present article is the analysis of the renormalizability of the model, which we
have shown to hold at any given finite orders of perturbation theory, by making use of the algebraic
renormalization [19]. The inclusion of the Gribov-Zwanziger term which enables us to implement the
restriction to the Gribov region Ω has also been taken into account. Despite the presence of the soft
BRST breaking term, the renormalizability of the model is guaranteed by the large set of Ward identities,
eqs.(28)-(38), which can be established.
We expect that the mechanism of introducing non-perturbative infrared effects through the soft break-
ing of the BRST symmetry [13] applies as well to other kinds of models, including supersymmetric and
topological field theories.
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